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Abstract 

We give geometrical conditions under which there exist extremal functions for the 
sharp L 2 -Nash inequality. 

1 Introduction 

This paper is in the spirit of several works on best constants problems in Sobolev type 
inequalities. A general reference on this subject is the recent book of Hebey [9]. These 
questions have many interests. At first, they are at the origin of the resolution of famous 
geometrical problems as Yamabe problem. More generally, they show how geometry and 
analysis interact on Riemannian manifolds and lead to the developpemcnt of interesting 
analytic methods. This article is devoted to the existence of extremal functions for the 
optimal L 2 -Nash inequality and follows another paper |10j in which we proved the existence 
of a second best constant in the L 2 -Nash inequality. Obviously, finding extremal functions 
is interesting from PDEs' point of view. The proof we give here may appear very technical. 
Nevertheless, its interest lies in the analytic methods it gives, for example on what concerns 
the study of concentration phenomenons. Moreover, extremal functions have their own 
interests because they give informations on best constants. For example, the existence of 
extremal functions for the circle S 1 gives an explicit inequality on S 1 (see |10j). 

In this paper, we let (M, g) be a smooth compact Riemannian n-manifold. We consider 
the following inequality : for u 6 C°°(M), 

2j„, \l+^r ^ I A I I Y7„, l 2 J„, id/ „,2 



(/ u dv g ) + ~ < (A \Vu\ z dv g + B u z dv g ){ \u\dv g )- N (A, B) (u) 

JM JM JM JM 

We say that N(A, B) is valid if N(A, B)(u) is true for all u € C°°(M). In the following, we 
refer to this inequality as the L 2 -Nash inequality. Let now 

A = mf{A > 0| there exists B > s.t. N(A, B) is valid } 

It was shown in [3] that 

A A f n \ + 
A = A (n) - 



2SnAi(B)| B \~ 

where | B \ is the volume of the unit ball B in R™, Ai is the first nonzero Neumann eigenvalue 
of the Laplacian for radial functions on B and Vol(M) is the volume of (M, g). Then, it was 
shown in [TO] that there exists B > such that the sharp N(Ao(n), B) is valid. Another 
form of sharp inequality is in Druet-Hebey-Vaugon [6] . Let now 

B = mf{B e M s.t. N(A (ri), B) is valid } 
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It was also proved in [lOj that for any smooth compact Riemannian n- manifold (M, g) , 



B > max \Vol(M)-% , i^Ll + ) ( 11_L^ ) maxS g (:r) 



where S g (x) is the scalar curvature of g at x. We now say that u e H$(M), u ^ is an 
extremal function for the sharp L 2 - inequality N(A (n), Bq) if 

( f u 2 dv g ) l+ i = (A (n) [ | V« \ 2 dv g + B [ u 2 dv g ){ [ \u\ dv g )^ 

JM JM JM JM 

Such a study was carried out for sharp Sobolev inequalities by Djadli and Druet in the very 
nice reference [4]. Though they are close in their statement, these two questions, to know 
whether or not there exist extremal functions for sharp Sobolev inequalities and for the 
sharp L 2 -Nash inequality, are however distinct in nature. In consequence, the problems we 
have to face here are very different from the one that appears in [4j . The main result of this 
article is the following : 

Theorem 1 Let {M, g) be a smooth compact Riemannian n-manifold. Let also Bq be as 
above. Assume that : 



B_ 

6n Vn + 2 Ai J V 2 J iem 



Then, there exist extremal functions of class C 1,a (M) ( < a < 1 ) for the sharp L 2 -Nash 
inequality. 

We present here the main ideas of the proof of this theorem which is based on a precise 
study of a phenomenom of concentration. Namely, for B < Bq, we prove the existence of 
an extremal function ub for inequality N(Ab, B) where 

A B = inf{A| s.t. N(A,B) is true } > A (n) 

We then let B — > Bq. Standard theory shows that there exists u £ H 2 {M) such that ub — ► u 
weakly in H 2 (M) when B — > Bq. We have to consider two cases. First, if u ^ 0, it is not 
difficult to prove that u is an extremal function for N(Aq(ji), Bq). If u = 0, we prove that u 
concentrates around a point x of M. In other words, ub — > when B — > _Bo in Ci° oc (-^ — {^}) 
and for all 5 > 0, 

,. lB(x.8) U B dv 9 

hm — f 9 , = 1 

Hence, if 77 is a cut-off function such that rj = 1 in a neighbourhood of a; and 77 = on 
M — B(x, 5) where 8 is small, tjub have almost the same properties than ub- Via exponential 
map at x, tjub can be seen as a function on M™ on which we have the standard optimal Nash 
inequality 

1+— — 

/ {nu B ) 2 dx ) < Ao(n) / \WrjUB \ 2 dx[ / | r?tt B |da; ) 

Jm." J Jw \m n J 

With the use of Cartan's expansion of the metric around x and precise estimations of the 
concentration of ub, these integrals can be compared to the corresponding integrals on 
(M,g). We get that 



/ {f]u B ) N dv g < a B 

JM 
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where cub is an expression involving integrals of ub- Thanks to the Euler equation of Ms, 
we get that 

ol' b < / {riu B ) N dv g 



' M 

where a' B is another expression involving integrals of m^. The inegality a' B < «g leads to 



B o < i — r r + — ; — — r~ max SJx) 



This gives the theorem. 

As a consequence of theorem 1, we immediately have : 
Corollary 1 Let (M, g) be a smooth compact Riemannian n-manifold. We assume that 



voi(M)~" > l^lJL f — - — |- \ maxSg ( X ) 

6n \n + 2 Ax J \ 2 / xeM 9V ; 



Then, there exist extremal functions of class C 1,a {M) ( < a < 1 ) for the sharp L 2 -Nash 
inequality. In particular, this is the case if the scalar curvature is nonpositive. 

For n > 2, the results obtained in [10] on the existence of extremal functions for the sharp L 2 - 
Nash inequality are a consequence of theorem 1. For n = 1, we proved in [10] that constant 
functions are extremal functions for the sharp i 2 -Nash inequality. At the moment, we are 
not able to give examples manifolds such that there does not exist extremal functions for the 
sharp L 2 -Nash inequality. Hebey and Vaugon prove in [8] the existence of such manifolds in 
the case of Sobolev inequality. However, their proof strongly uses the conformal invariance 
of their inequality and we do not know yet some other methods to obtain this type of results. 

2 Proof of theorem 1 



Let Ao(n) and Bo be as in introduction. We define ao — BoAo(n) , For a > 0, we let also 

(J M | X7u \ 2 dv g + (a - J M u 2 dv g )(J M \ u \ 1+ea dv g )^7^ 
I a {u) = 



and 



(J M u2dv g) 1+ ~ 
A = {ue C°°(M) s.t. / u 2 dv g = 1} 

M 



fi a = inf I a (u) 



where e a is chosen such that 

lim e a = 0, n a < Aq(u) 1 and, lim fi a — Ao(n) 1 (1) 

Clearly there exists u a £ H 2 (M), u a > 0, such that 

/ u 2 a dv g = 1 and fi a = I a (u a ) 

JM 

We write now the Euler equation of u a to get that, in the sense of distributions : 

4 

2A a A g u a + -B a u e a a = k a u a (E a ) 
n 
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where A g stands for the Laplacian with the minus sign convention and : 
A a = (^j^u a 1+t "dv g ^j 

B a = (^j | Vu Q \g 2 dv g + (ao - a)j (^J u a 1+ta dv g ^j 



k a = -fi a + 2 j \\7u a \ g dv g [ j u a +e "dv 



M \JM 



By the Sobolev embedding theorem, u a <G L n ~ 2 (M) and then, by classical methods, u a e 
C 2 (M). To prove the theorem, we assume that there does not exists extremal functions for 
the sharp i 2 -Nash inequality and show that 

LSri/ 2 n-2\/n + 2\" 

£>o < — 7, ~ H : — - — max b „ (x) 

6n \n + 2 X 1 J \ 2 J xeM 9K ' 

As easily seen, the existence of extremal functions follows from an assumption like : 

liminf / u a 1+ec "dv a > 
Jm 

Note that such an assumption implies that : 

/ I Vm « \„ 2dv g < C 
Jm 9 

In the following, we then assume that 

lim / u a 1+ea dv g = 



or, equivalently : 

lim A a = (2) 
Now, using N(A (n), B )(u a ), we have : 

liminf / I Vu a \ n 2 dv q ( / u a 1+e "dv„) > Ao(n) _1 

In addition, since /x Q < Ao(n) 1 , it is clear that : 

limsup / | Vu Q | 2 dw ff ( / u Q 1+eQ dv ff ) "< 1 + 5 °) < ^4o(«) _1 
Jm Jm 

As a consequence, one easily checks that : 



lim A a / | V« Q L 2 cfc„ = A (ri) 1 
Jm 9 



(3) 



lim £> Q / u a 1+ea dv — An(n) 1 
Jm 



(4) 
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lim k a = (2 + ^Aoiny 1 (5) 

a^Q n 

The proof of the theorem proceeds in several steps. Step 1 to 4 are somehow similar than 
what was done in [10] . Note however that the limits are not anymore limits as a — > oo. Step 
5 is a preparation to the concluding step, step 6. 

We let a a = A a ? . We let also x a be a point of M such that u a {x a ) = || u a U^. In 
the following, B(p,r) denotes the ball of center p and radius r in R™ and B p (r) denotes 
the ball of center p and radius r in M. We assume in addition that bounded sequences are 
convergent, with no mention to the extracting of a subsequence, and write C for positive 
constants that do not depend on a. 

f u a 1+€a dv 

Step 1 For all 6 > : liminf Q ^ 'f'"' > 



Let, for x € B(0, 6) C 



g a (x) = (exp Xa )*g(a a x) 

ip a (x) = || u a \\^u a (exp x (a a x)) 



We easily get : 

2 n M _i_i- e k, 

-II "a IU OL^Pot = - 2 



A 9o f a + ~|| Mq +£a -B Q ^ a = -^<^ Q (-Ea) 



Since A g u a (x a ) > 0, we get from (E a ) and ([5]) : 

|| Ua ^ C W U « Hoc ( 6 ) 

and since || <p a H^b^)) < 1, we get from (J5 a ) : 

II Ag a {p a || L oo( S ( 5 )) < C 

By classical methods, it follows that, for a e]0, 1[ : || ip a \\ c i,<*b(q 5) — ^- Hence, (<p a ) a is 
equicontinuous and by Ascoli's theorem, there exists <p€C°(B(0, 5)) such that <p a — > ip in 
C°(B(0, 5)) asa^O. We have : 

<p(0) = lim <p a (0) = 1 (7) 

a~ >0 



and also 



5(0,5) JBx a (8a a ) 

-\\u ir (1+e «> i -k... (*»«.) M " 1+6 "^ 

^11 II- 1 J -f ^S XQ (5a Q ) U " 1+e ° du 9 , . 

<ll««lloo^a 4 r ~ 1+eady (8) 

Since || u a ||^ > 1, © implies : || u a > C.B a and since A a — > as a — > 0, (HI) implies 
that B a > C.7l Q _ ^ (1+ec, ' ) > C.A a ~^ . Inequality © then becomes : 



5(0,5) JM 
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Moreover, 

/ Va 1+ta dv ga C > (9) 
Jb(o,s) 

by (J7J) and since <? Q — > £ in C 1 (B) for every ball 2? in R™. Finally, we get : 

S^r; , >g>o 

This ends the proof of step 1. Note that coming back to © and ©, one easily gets that : 

limAj\\u a \\ oo ^C>0 (10) 

a — >0 

Step 2 We recaZ/ ifcai 

<Xa = Al = (J ul+^dVg) " <1+EO> 

Let (c a ) a oe a sequence of positive numbers such that : 2a — > o as a — * 0. TTien : 

Um JB,(c Q ) £ = ! 

Jm U « " dv 9 



Let e C°°(R) be such that 



(<) »7([0,|]) = {1} 
(it) t 7 ([1 ) +oo[) = {0} 
(iii) < 77 < 1 

For fc € N, we let : r) a ^[x) — (r](c a ~ 1 dg(x, x a ))) 2 where d g denotes the distance for g. 
Multiplying (E a ) by r) a ^ k 2 u a and integrating over M gives : 

2A a I I Vr) a , k u a \ 2 dv g - 2A a [ \ Vrj a , k \ 2 u a 2 dv g + -B a f n a ^ 2 u a 1+ea dv g 
Jm Jm n Jm 

= k a I {rj a ^u a ) 2 dv g (11) 
Jm 

Using N(Ao(n) + e, B e )(r] a , k u a ), one easily checks : 

2A a [ I V?/ Q , fc u a \ 2 dv g - 2A a { I V?? Q , fe \ 2 u a 2 dv g + -B a [ r/ Qife 2 u Q 1+e =du 9 
Jm Jm n Jm 



J(A (n)+e) \Vr) a . k u a \ 2 dv g ( {ri a , k u a ) 1+ea dv g ) + 
v Jm Jm 

4 n 

B t / (n a . k u a ) 2 dv g ( I {n a ^ k u a ) 1+ec 'dv g ) J " +2 (12) 
Moreover, with the assumption on (c a ) a : 



G 



C f 
I VT? ajfe I < — - =>■ lim A a / | Vi7a,fe |„ita 2 d?; 3 = 

Now, let : 



A i. = lim 



j M r] a , k 2 u a 1+£ "dv g 

a—O J M U a 1+€ "dv g 
- .. J M (?7a,feUa) 1+eQ dw. 

Afe = lim 



a^O J M U a 1+e "dv g 

From the definition of rj a , k , we get, for all k G N : 

Afe+i < A fe+ i < A fc < X k < M = I™ — t 3 ( 13 ) 

and, by step 1 : 

3C > s.t. Vfc e N,A fc > C (14) 

Let us now prove that : A^ < X\. Let L k = lim Q _>o L | V?y Qj feU Q | 2 Gfc ff - Note that ((H) 
and ([5]) imply : 



lim B a I r] a>k u a +ta dv g = AfeA (n)" 



and 



M 



ydvg < c 



IM 

In particular, (TTTj) gives : L k < +oo. We also clearly have by and (g]) 



/ 2 / 1+e »(i+< ) ~4 

lim / | \7rj atk u a \ a dv g ( / {r] a ^u a ) a dvg) = L k X^ 



Equation (| 1 2[) then leads to 



2L fe + -AoCn)^ < (2 + i)A)(n) ^^(n) + e)L fe A fe " ) " +2 
n n 

If Lfc = Ao(n)ifc, we obtain, since e was arbitrary : 

2L k + -X k < (2 + i)LpAp 
n n 

Let now, for x, y, z : f(x,y,z) = (2+^)x™72 y ™+2 _ (± z +2x). Differentiating in a;, we see that 
Vx, y, z > 0, /(x, y, z) < /(y 2 , y, z), and then : f(L k ,X k ,X k ) < f(X 2 k ,X k ,X k ) = |(A| - A fc ). 
We then get : A fc < A 2 . Now, from (JT3J), d), we get : V7V e N, < C < Aq^ < /J. Since 
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/i < 1, we have /i = 1 which proves step 2. Note that we have also proved that Lk = 1 for 
all k. As one can check, we have then : 

lim / ^^ |VM : 1 ^ 9 = 1 (15) 

As a consequence, we easily get from (fTTj) : 



lim / u;;efo„ = Hm ^f^z = 1 (16) 

a ^°JB^(c a ) J M <dVg 



Step 3 There exists C > such that, for all x € M : 

u a (x)d(x, x a ) 2 < C 

where d denotes the distance for g. 

We proceed by contradiction. We suppose that the following assumption is true : 

3j/ a G M s.t. lim u a (y a )d(y a ,x a )~ = +oo (H) 

a— >0 

Let : 

v a = u a {y a )d{y cn x a )~ 2 ~ 

We can assume that : 

"a = II U a (.)d(.,X a )~ 

First, we prove that, if v is small enough : 

B ya (u a (y a T i )nB Xa (a a v a ") =0 (17) 

— — 

It is here sufficient to show that d(x a ,y a ) > u a {y a ) " + a a o a ", or, equivalcntly that 

v Q ™ _I/ > + a, a u a (y a ) ~ . If i/ < — , from (if), we get that u a « _I/ — * +oo and — * 

— — 

as a — * 0. Hence, it still has to be proved that a a u a (y a ) n < C. We have a a u a (y a ) rl < 

a a || w a 11^,- Since a a = A a 2 and by (|10|), this gives : a a || u a \\^ < C . Equation (fl7|) then 
follows. We let now, for x e B(0, 1) : 

h a (x) = (exp Va )* g(l a x) 

ip a (x) = u a (y a y 1 u a (exp ya (l a x)) 

where : 

n+4. 1 

la = || u a 2 ™ u a (y a ) 2 

On -B(0, 1), we have : 

A ,,, Ml »« IL (1+ " )u o(^) ,, 2 ^«l M c \\^ 1+ " ) U a {y a T" e a frp >\ 

<±h a Va = TTa ^ a A t d {&a ) 

Moreover : 

in C 1 (£(0,1)) asa-s-0 (18) 
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We have || u a II , D , , ._;> , < C To see this, note that, by the definition of 

L °°( B Va (V-ciVa) " )) 

_ 2_ 

y Q , we have for all x € B Va {u a {y a ) 71 ) : 

u a {y a )d(x a ,y a )~ > u a (x)d(x a , x) * (19) 
Moreover, since x € B Va (u a (y a ) n ) : 

_ 2 

d(y a ,x) < u a (y a ) " 

_ 2_ 1 

and, by (H) : u a (y a ) ™ < ^d(x a ,y a ). So we have : 

_2 1 

d(x,x a ) > d(x a ,y a ) - d(x,y a ) > d(x a ,y a ) - u a (y Q ) n > -d(x a ,y a ) 

t _ __2 

Coming back to (|19p . the result follows immediately. Since Z Q < u a (y a ) n , we then have 
II ^ IL°°(b(o,i)) < c - From @, TO and the fact that, by (gj), B Q A Q ^ (1+ea) -> C > as 
a — ► 0, we get 

lim||u a ||^=C (20) 

Q — >U 

Now, from ©, (flU)) and (j2"0|) . we see that (E' a ) has bounded coefficients and then : 

II A/j q -0 q Hl=(b(o,i)) — ^ 
As in step 1, we get the existence of if> € C°(B(0, 1)) such that, up to a subsequence : 

^ Q -> V in C*°(B(0, 1)) asa^O 
Here, -0 is such that V'(O) = 1 an d then : 



However, by (fT5)) 



and, as one can check : 



ipdx > (21) 

B(0,1) 



ipdx = lim / ip a 1+ea dvi l 



5(0,1) a ^°,/B(0,l) 



B(0,1) 



where i+ 

/^a — A a 4 ^ ^ W Q (y Q ) / Q I - _n ) J 

If we prove that lima^o Pa = 0, we get a contradiction with (|21[) which ends the proof of 
step 3. First, let 

_ u a (y a ) 

ma ~\\u a |L 

Clearly, by : 

r ^r^- { % +1) ( ^■>°('°))" al+6 ° d M 
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By step 2 and fT7]) . 



lim I ^("°fa°>7> I = o (22) 



If m a > C > 0, we have (3 a — > as a — > 0. Hence, we assume that lim^^o m a — 0. We now 
proceed by induction to prove that : 

lim m Q V " +2; / u a 2 dv g = (i? fe ) 

First, we prove that (H ) is true. We proved before that 

Hence, we have, noting that u a (y a ) — > oo as a — ► : 

, "j^s < Cu a (y a ) I u^ e "dv g 



By (10]) and ([22 



" , s Hcv (u Q (y Q )--) 



lim II "a IL / 2 ul+^dvg = 



fc 



(i?o) then follows. Let now e k — an d suppose that (H k ) is true. Let us prove 

that (Hk+i) is true. Let rj a ^{x) = ■q{u a {y a )^2 k dg{x,y a )) where r\ is defined as in step 2. 
Multiplying (E a ) by 



and integrating over M, we obtain : 

2A a m~ ek I | V?7 Q . fe M Q l^dwg - 2A a m~ ek / | V?7 Q . fc \ 2 u a 2 dv g 
Jm Jm 

+ -B a m a ~ tk [ r) a , k 2 u a 1+IL °'dv g = k a m a ~ ek [ {ri a , k u a ) 2 dvg (23) 
n Jm Jm 

By (H k ) : 



2A Q ,m ce efe / | \7rj a _ k |\ a 2 rfw s 



< CA a u a (y a )nm a ek 2 u a dv g < CA a u a (y a )™ 

JB ya {2-*u a {y a )-n) 

± ± ± ± 

Moreover, by (I10|) . A a w, Q (?/ Q )~ = A a m£ || u Q ||^_ < C.m£ — > as a — > 0. We have also, by 

(H k ) and © : 



a— >0 

Therefore, (|23|) gives : 



lim fc a m Q £fc / {rja^Uafdvg = 
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2A a / | Vr, a , k u a \ z dv g < C.m e a k (24) 



M 



-B a [ ri a:k 2 u a 1+ea dvg < C.m £ a k 
n Jm 



I M 

Up to replacing r\ a ^ by y/rja~k, with the same arguments, we also have : 

-B a [ v a ,k 1+ea u a 1+e -dv g < C.m% (25) 
n Jm 

Moreover, using N{A,B){r} ot< }.u a ), one easily checks that : 



(i]a,ku a ) dvg) <A. I VJ7a,feW Q I dv g [ / {q a ^u a ) +ta dv g 



m / Jm 9 \Jm 



+B. j {f]a,ku a fdvg( / {rj a ^u a ) 1+,ia dv, 
m \j m 



Clearly, we have in fact that : 



(r)a,ku a ) 2 dv g J < C. / | Vf] a ,kU a \ 2 dv g ( / (i] a ,ku a ) 1 ~ rta dvg 

M J JM \JM 

< g 4 ( / I ^Va.kUa \ 2 dvgA a ) ( B a [ {rj a , k u a ) 1+t '* dv , 



4 R"i 1+E 
Using ([M]) and ([21]), we get 



(Va,kU a ) 2 dv g ) < 4 -ra, 

4 R " ( 



By ®, A QJ B« (1+ea) > C > 0. Since : 

/ u^dwg < / {r]a : kU a ) 2 dv g 

JB Va (2-(* + Vu a (y a y-) JM 

(Hu+i) then follows. As a consequence, (-f/fc) is true for all k. Coming back to (|25| , we get 
that, for all k : 

lim m~ ek B a / u a 1+ea dv g = 

Q -*° ^B ¥a (2-fc« a ( J/a )-*) 

Using the fact that lim Q ^o l a u a (y a )" — and choosing k such that e k > § + 1, we get : 
lim Q ^o Pa — which ends the proof of step 3. 

Step 4 For all c,k>0, we have : 

lim A a ~ k / w Q 2 dw g = (26) 

JM-B Xa (c) 
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lim A a ~ k / | Vw Q \ 2 dv g = (27) 



9 
M-B Xa {c) 



\imA a - k / u a 1+€a dv g = (28) 



JM-B Xa (c) 

Let r a (x) — d g (x, x a ) and let 5 s]0, Using step 3, we have : 

A a ~ s [ u a 2 dv g <C.A a - s [ u a 1+ea r a -^^- ea Uv g 

Jhl-B Xa (c) JM-Ba, a (c) 

< C.A a - s [ u a 1+e <*dv g 

JM-B Xa (c) 

Recall the definition of A a to get : 

lim A a ~ s / u a 2 dv g = 

JM-B Xa {c) 

Mimicking what we have done in the proof of step 3, we prove by induction that, for all k : 



lim A-T^)" 15 / u a 2 dv g = 

JM-B^.(2 k c) 



M-B Xa (2"c) 

This gives (|26|) . Following the arguments used in the proof of step 3, one easily gets ([27]) 
and (|28f from (|24|) and (|25|) . Now, we set, for c > small, r] a = r\ (c~ 1 r a ) where r\ is as 
above. We also define : 



'•2 



/ M I Vu a r] a \ g R ij (x a )x l x : >dv g 



J M ()i a j) a ) 1+eo R ij (x a )x i x 3 dv g 



f M (u a r) a ) R i j{x ol )x l x j dv g 



J M (u a rj a ) dvg 
where (x , ..,x n ) are exponential coordinates. 
Step 5 We ftave 



lim 



K-'V + a + ^-npfe'l) 



B|"» / 2 »i-2 \ /n + 2\" 



6n \n + 2 A 1 
We come back to the notations of step 1 . Let : 



S g (x ) (29) 



C = lim || u a \\J:Aa 4 and Co = lim A e £ 

a— >0 q^O 

Note that, by (fTU)l and ([2H|) . these limits exist. As one easily checks 



/ fa 2 dv 9a = || u a || x 2 A a 2 / 

JB(Q.S) JB. 



u a 2 dv g 

'3(0,6) J ' B Xa {Sa a ) 
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and 

/ <p a 1+e "dv ga = || u a W^+^A^ / 
JB(0,8) Jb, 

(ll u a W^^A^^) L a -^^) 



>B Xa {6a a ) 

Let first a goes to and then, S to +00. By (fTC?)) and step 2, we have 



u n 1+e °dv g A a % e ° 



^dv t = C (30) 

JIK" 
and 

[ n ipdvz = C (5 f (31) 
jR" 

Now, let us compute Jjjn | Vip \ 2 dv^. First, it is clear that : 

(p a -> in C 1 (B) as a -> (32) 

for all compact ball B in R". Let 775(0;) = 77 ^(2<5) 1 | x |^ where 77 is as in step 2. Multiply 
(iSa) by (farjs 2 and integrate over R™. We check : 



< V(p a ,Vtp a ?]s > dv 9n H 2 ' g " 1 _ f / (p a 1+ec ">]6 2 dv ga = % / (f a 2 ris 2 dv, 

ya ^ /.< M- ta /TOW ^ /TTK 71 



Using (|1]), one easily gets : 



lim ,, 2B *i-c = - A o(n) 1 C C 



and then, by © and (J32J) : 

/ < Vy>, Vyjiyf > f dw ? + -Ao(n) _1 C C , 2 / r} S 2 (pdvt 
JWT 5 « JR" 



n 

We have 



(l + l)A (n) 1 i_r) S 2 <p 2 dv £ (33) 



/ < Vtp,Vtprjl > e dvt = 2 < Wip,Wr] S > ( ipr]sdvt + / | Wip \ 2 i]s 2 dv? 
JWT 4 JR" m n 5 

<2( /| V% |^ 2 c% ) '( [ JVV \tm 2 dvA 2 + /" J V</5 |^5 2 ^c 
VjR^ / VjR 71 / jR n 

By ([30]) and since | V77«5 | < £|£ , one easily gets : 

lim / < V09, Vc9?7? >cdff = / | Voj \ 2 dvt 



(34) 



By (I3U)) . we know that </j G L 2 (R"). As a consequence, plugging (fM)) into ([55]) and using 
(I3T1), we have : 
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I Vip \Uv 6 = Aoiny 1 ^ 2 (35) 



Now, let, for u G H 2 (R n ): 

2 — 

Set I Vm k dv dh n 



By the works of Carlen and Loss [3J, we know that : 

Vu e Hf(R n ),I^(u) > Aoiny 1 
By ([201), (EH) and 435), we have : 

I € (<p) = i4o(n)- x Cg 

Since Cq < 1, it follows that Co = 1 ( if Co < 1, we would have I^(ip) < A {n)^ 1 ). Therefore, 
I^(<p) = Ao(n) . Let u, u ^ and radially symetric, be an eigenfunction associated to 
Ai, the first eigenvalue of the Laplacian on the unit ball B in R" for radial functions with 
Neumann condition on the boundary. Moreover, we may assume that u(0)=l. By Carlen 
and Loss [3J, we have : 

tp — kv(Xx) 

where v(x) = u(x) — u(l). Now, by (f5U|) . and since C = 1, we get : 

/ ip 2 dv i = i ipdvg 
We know that ( see theorem 1.3 in [6] ) : 



2 



vdv t =-\B\ u(l) 



This gives then : 
where 

Let now : 



A 2 = Ag 



ri,s 



J M | Wu a ri a \ 2 dv g 

$B Xa (8a a ) ( Wq ) Rij(x a )x t X^ dv g 

f M {u a Tl a ) 1+ea dVg 
Jb x (Sa a ) Rij( x a)x X 3 dv g 



J M (UocVcc) dVg 
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We recall that r\ a — r\(c 1 r a ) where c > is small and where 77 is defined as before. Using 
(TT5]) . we easily see that 

,. hi I Vu "')« \] dv 9 , 

lim tt = 1 

We also get that, with step 2 and (fT6]) . 



lim 



J M (Wa»7a) 1+eQ ^ 9 



i im " 7 »- = 1 

Jm U " dv 9 

Now, by an easy proof by contradiction using step 2, ([TB]) and tfl6]). we see that 



lim lim ' '>| = 1 

^»«-o/ BBa(4aa) |Vti Q |> 9 

lim lim f = 1 

4_ aoa -.o ) Bxai{Saa) <dv g 

lim lim - JM a 9 = 1 

5^00 a-o J BmaiSaa) u a +ea dv g 

Here, Hm^^ lim a _,.o means that a first goes to and then, 6 goes to +00. This implies 
that : 

,. .. rvs ,. ,. £b x <Sa a ) I ^ u a \ g Rij (x a )x l x^ dv g 
lim lim — - 1 - = lim lim 5 

i^ooa^O A, j^ooa^O 4 f I Y7?/ I rfu 

a a JS XQ ((5a Q ) I VU « Ij^S 

ri a .. .. Jb, (5a Q ) ( Wq ) Rij{x a )x l xi dv g 

lim lim — 7^- = lim lim 



T2 5 ,. ,. §Br n (&a a ) Rij( x a)x % X j dv g 

lim lim — — = lim lim g 

5^ooa->0 Ar, 5— >oo a— »0 4 f fl/ frfii 

a Q J-Bx Q (<5a Q ) ^ Uq / WV 9 



Let (y 1 , .., y") be canonical coordinates in K" and (x 1 , .., x") be exponential coordinates in 
M. It is easy to see that, for a radial function /: 



fyYdv c = 6^- [ f\y\ 2 dvs 

B(0,5) n JB(0,8) 



We also have 



and 



u a p x l x ] dv g = || u a ||^v4 a 1+S / (p a p y l y J dv g 

B Xa (8a a ) JB(P,S) 



Vu a \ 2 x l x J dv g = II u a W^Aa^ / I Vkp a \ y % y 3 dv Qa 

Jb(o,s) 

ip is compactly supported, we Iie 
r VjS _ S g {x ) /r" I |^| y | 2 c^ 



>B Xa (Sa a ) JB(a,&) 

By these results and noting that ip is compactly supported, we have, for S large enough 

1 2 1 1 2 

1-,- S i r,. ) In « \ 

lim 
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Then, for 6 > A : 

■S (- r v,i + (1 + £)r 2 ,« - ^i^yn,*) _ A - 2 S 9 (zo) 



lira ■ 



6ri 



( 



r I l|l 1/ l 2 ^; 



n + 2/ R -i; 2 | y | 2 d^ _ 4 Jjg» «| y | 2 cfa 4 
n /R"f 2 ^c n(l + e Q ) / R » «d« € 



) 



This expression has been computed in Druet, Hebey and Vaugon [BJ. We have : 
-\ (~rv,S + (1 + l)r 2 .s - ^^-fi,s) | B |"» / 2 n - 2 Wn + 2 \ " 



-4, 



Hence, it is sufficient to prove that : 



6n V n + 2 Ai 



,. ,. rV,<5 - .. ,. hl-B Xa (8a a ) I ^UaVa \ g Rij{x a )x l X j dv g 

lim lim = hm hm — = = (36) 



^1,5 - r l ,. ,. lM-B al „(Sa a ) ( Uar la) a Rij(x a )x' l X j dVg 

hm hm — — = hm hm — - — = (37) 



6— >oo a— >0 A n 



S — >oc a — >0 



lim lim r2 ' A T r2 = lim lim ^-B-,^) ^ ^^^^ = Q (38) 



<5— >oo a— >ao ^4 C 

First, let us deal with 



T 



^ 000 " ,ao A a f M (u a r) a ) dvg 

Let : 

Im — B* (Sa a ) (VaUa) Rij(x a )x X^dv g 



By (HD : 



Now, by step 3 



-4a ,/ M (?7aMa) d« S 



$M—B Xa (Sa a ) u a r a dv g 



T n <C 



hl-B Xa (Sa € ,) U>i a ra2 nr a 2ea dv g 



Jm-i 



JM-Bx a (Sa a ) U<L a r a 2 "dVg 
^ O ; ^ O 



4 f 

^ a Jm- 



M—B Xa (<5o ) U a Q ^9 



A a -4 a 
To estimate this expression, we integrate (i? a ) over M — B Xa (Sa a ). We get 
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A f F A 1 "5" 



T a < C [ — — / Uadwg H / d u u a da (39) 

y °o JM-B Xoi (Sa a ) °a J3B lQ (<5a Q ) y 

Let us prove that the second member of (|39[) goes to if we let a goes to and 6 to oo. We 
have, using the definition of A Q : 

u a dv„ < 



Ba Ju-B Xa {Sa a ) 9 B a \ j M U^ ea dv g 



By jD, we have : 



lim ^L— = C 

a->0 B a 



Step 2 clearly implies that : 



lim lim 

Hence 



<5— >oo a— >0 _B a 

Now, if r Q = <5a Q , we have : 



lim lirn — — ^ u a dv g = 



| ft,«a(x) l< (V^) s || £ cc (afl( o,i)) 

Since </? is compactly supported ( see above ), for S large enough : 

II (y<Pa)g a lli-(a B (0,5)) -» 

Consequently, for S large enough : 

lim — / d v u a da = 



B a JdB Xa (Sa a ) 

By {39}, this proves {38]). To get {36} and {37}, multiply (E a ) by r ° 2 ^° 2 "° and integrate 
over M — B Xa (6a a ) : 

-2 / (d u u a )u a r a 2 r) a 2 da+2 / | \7u a r] a r a \ 2 dv g ~2 / | V?7 a r Q Pu Q 2 du g 

JdB^^Sac) J M-B Xa (6a a ) J M — B Xa (8a a ) 



[ u a 1+ta r a 2 rj a 2 dv g = I u a 2 r a 2 r] a 2 dv g (4in 

nA a J M -B Xa (Sa a ) A a J M-B Xa (5a a ) 



As we did before, we use the fact that for r a = 5a a : 
and : 

Ua(af) < || U a H^ll <£> Q || L oc (9B(0 , 5)) 
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This gives that for S large enough, the boundary term goes to 0. Moreover, it is clear that 
we have : 



/ | Vr] a r a \ 2 u 2 a dv g <C 



u 2 a dv g 

,{Sa a ) ' JM-B Xa (8a a ) 



By step 2, we obtain : 



lim lim / | Vr Q 7y^ fu 2 dv g = 

s ^°° a ^°JM-B Xa (5a a ) 



Observe that the second member of (|4T))) goes to when a — > and 6 — > oo. This easily 
follows from what we did when we proved (|38|) . Relation (|40|) then implies that : 



8 — >oc a — >0 

and also that : 



lim lim / | Vu a r) a r a rdv g = (41) 



g s 

M — B Xa (Sac,) 



4- q. j -t j 2 Q 

lim lim — — / u a r a r) a dv g = 

S^oo a^O nA a J M -B ma (6a a ) 

which gives (f37| . In addition : 

/ | ^u a r] a r a \ 2 dv g = / | Vu a -q a \ 2 r a 2 dv g 

J M-B Xa (5a a ) ' JM-B Xa (8a ot ) 

+2 < \7u a i] a ,\7r a > g u a i] a r a dv g + / | Vr Q \ 2 r) Q u a 2 dv 

J M-B Xa (Sa a ) JM-B Xet (Sa a ) 

For every x,y,e > 0, we have : xy < \{ex 2 + \y 2 )- Noting that : 

< Vu a r/ a ,Vr a >gU a r/ a r a dvg 



we get 



M-B Xat (5a a ) 

>—[ I Vm q ?7 q \ 2 r a 2 dv g / | Vr Q \ 2 i] a u a 2 dv g 

\JM-B Xa (Sa a ) / \JM-B Xa (Sa a ) ) 

I | X7u a r) a r a \ 2 dv g > (1 - e) / | Vu a 7] a \ 2 r a 2 dv g 

J M-B Xa (5a a ) ' JM-B Xa (Sa a ) 

If 2 2 

+ (1 ) / I Vr a | (r] a u a ) dv g 

e JM-B Xa (Sa a ) 

Using (jITj) and the fact that limA a J M | Wu a r] a \ 2 dv g — Ao(ra) _1 , we then clearly get (|36)l . 
Finally, this proves step 5. 

Step 6 We prove the theorem. 

Let, for u € H 2 (M) : 



Ig,a{u) = I a (u) - (a - a)( / | u | 1+e °cfc g ) 



a— We /irsi prove that : 



lim Ao( " rl zWgs^g) = ao (42) 
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By pg]). (|2"7) and (gSJ), one can check that 



lilTL ^ a ' ^5i a \^?a^a) q 



-4, 



(43) 



Moreover, we have 



Ig,a(u a ) = I<x{u a ) - («0 ~ a)A a 

Since a — * and I a (u a ) < Ao(n) , we get : 

. A (n) _1 - Ig, a {riaU a ) 
lim mf — , > a 

In addition, we can also write, by (I43p 



(44) 



lim sup 



A (n) 1 - I g . a (i] a u a ) -Ao(w) 1 - 4(«q) + ao^o 



= lim sup ■ 

a— >o 



j4« a— >0 

By definition of ao, we have Io(u a ) > /j,q — A^in)^ 1 . This implies that : 

yl (n) _1 - Ig,a{riaUa) . 

hm sup — — < ao 

ct — *o A a 



(45) 



(142]) then comes from l|33"j). (144]) and (|45|) . 

b— We prove that : 

[ | ^VaU a \ldve - [ I \7rj a u a \ 2 dv g = -\ I \ V?/ Q u Q .(x a )x % x 3 dv g + 0(1) (46) 
First note that the limit of right-hand side member of (|46[) exists. We have 

/ | Vt7 q u q Pefog = / | V-q a u a \ldVg + / {g l ° - S 1J )d t u a d j u a i]ldvg + Cx(a) (47) 
JAf Jm 

where C\(a) stands for the terms in which the derivatives of r\ a appear. Since supp(y 'i] a ) C 
M - B Xa (f) and by step 2, dT5j) and (16]), we see that d(a) -> when a -> 0. We write 
that, for 6 > 0, 



_ S l3 )diU a djU a rildv 6 



A I 



< 



(g lj - 5 l3 )d l u a djU a dv & 



+ 



I 

JM 



[g 10 - 5 l3 )diU a djU a ri 2 a dv g 



I M-B Xa (Sa a ) 

Using the Cartan Hadamard expansion of the metric g, we get that 



A I 



(g l: > - 5 %r )d i u a djU a ri 2 a dv g 



< C 



R\i 3 (x a )diU a djU a x k x l dv g 



Bi„ (Sa a 



c [ i vu a \y a dv g +c [ 

"'S XQ (<5a Q ) J A 



M-B XQ (5a cl ) 



Vu a \lr 2 a dv g 



where (R l ki 3 {x a )) are the components of the Riemann curvature of g in exponential map 
at x a . One gets from (|4Tj) that the third term of this expression is small if 5 is large. The 
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second term goes to when a tends to 0. It can be seen by writing that, on B Xa (5a a ), 
r a < Sa a . We now prove that the first term goes to with a. We write that 



R l ki J {x a )d l u a d j u a x k x l dv g 



Bx a (8a a ) 



< C\\ u a W^A* 



R l ki 3 {x a )d l tp a djip a x k x l dvg 



B(0,S) 



where ip is defined as in step 1. Now, since tp a — > p in C 1 (_B(0, 5)) when a — > and since p 
is radially symmetric, we get that 

lim R l ki J (x a )diU a djU a x k 'x = 
Together with ([TO]) , this proves that, for all 8, 

lim / R\ l 3 (x a )d i ip a dj<p a x k x l dv g =Q 



We finally obtain that 



lim / (<7 y — 5 l ^)diU a djU a ri1 l dvg = 

M 



(48) 



To conclude, we write that, by the Cartan Hadamard expansion of g, 

[ | V?7 Q u Q \ldvg = I | Wi] a u a \ 2 dv^ + - I | Wr] a u a \ 2 R i3 (x a )x l x J dv g + 0(1) (49) 

We then get J46]) from ([47]) . (|48|) and (|49| . 

c— W^e prove that : 

2 ra-2\ /rc+2\ " 



lim — ^ = A (n) — — - 

A on 



n + 2 Ai 



S s (x ) (50) 



where 1^ is defined as above. 
Let : 



tv 



J M (r] a u a ) 1+e ^dv^ - J M (r/ a u a ) 1+ea dv g 

J M {n a u a ) 1+e <*dVg 
f M (r) a u a ) 2 dvi: - J M (rj a u a ) 2 dv g 
J M (r] a u a ) 2 dv g 



By the Cartan Hadamard expansion of g, we have : 



dv£ = I 1 + -^(aicOxV + 0(r£) ) du g 
Coming back to the notations of step 5, we then get : 

lim 4~ = lim — 

q^o a^o 6 A„ 



(51) 
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and 



From (1311), we also have 



We write : 



lim ^- = lim (52) 



lim ~r~ = lim — -r~ (53) 

Q^O yl a a->0 6 A a 



(i + i 2 ) 1+ ~ 

IJSDJ then follows by l[5T j) .(|52" ]) . (|55|) and the fact that lim Q ^ I g , a (u a T) a ) = A (n) _1 . 
d— Conclusion 

By Holder's inequality and Carlen and Loss [3j, we have : 

f M I V77 a w a |^(/ M 7/ a n a dv e )" , 

ItiMVaUa) > " ; "2 > A (n) 

} M {V a u a ) dv ( 

We have then : 

h, a {riaU a ) - I g , a (i] a u a ) > Aoiny 1 - Ig ia g(i]aU a ) 

Dividing this inequality by A a and recalling that Bq = aoAo(n), we get from (|42|) and ([50 
that : 

„ ^ | / 2 n-2\ /n + 2\ » _ . , 

and then : 

Bp" / 2 n-2\ /rc + 2 
6n \r 

This ends the proof of the theorem. 
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